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' CHERRYBROOK TECHNOLOGY HIGH SCHOOL

2009 AP4

YEAR 12 TRIAL HSC EXAMINATION

MATHEMATICS EXTENSION 2

Time allowed - 3 HOURS
(Plus 5 minutes' reading time)

DIRECTIONS TO CANDIDATES:
> Attempt all questions.
> All questions are of equal value.

> Each question is to be commenced on a new page clearly marked
Question 1, Question 2, etc on the top of the page. **

> All necessary working should be shown in every question. Full marks may
not be awarded for careless or badly arranged work.

> Approved calculators may be used. Standard Integral Tables are provided.
» Your solutions will be collected in one bundle stapled in the top left corner.
Please arrange them in order, Q1 to 8.

**Each page must show your name and your class. **



QUESTION ONE. (15 MARKS)
Evaluat | [ 4
(a) Evaluate 0 Vietx? xn.
Find f x2+x+1
(®)  Fin x(x2+1) o
T
B ing the substitution t = tan Y evaluate 2 i
(©)  Byusing 2’ 0 2+sind’
(d) Find [xe *dx.
© @ If L=[ (1+x")"dx, n=012 .. show that
@n+1)L,=2"+2nl, forn= 1,2, .o
(i) Hence find a reduction formula for /= S sect™x dx.
QUESTION TWO. (15 MARKS) (START A NEW PAGE)
(a) Ifzissuchthat|z]=3and argz = g , mark on the same Argand diagram

(b) In an Argand Diagram, the point P representing the complex number z moves

i =z (i) z (i) iz

sothat|z— (1 + )| = 1.

(i)  Sketch the locus of P

(i) Shade the region where [z — (1 + )| =1 and 0 <arg(z—1) <.

Question 2 continued on next page.
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QUESTION TWO CONTINUED. MARKS

{¢) Given z= ‘00319 + isind and for the positive integers n,

1 1
z" + 'Z—n' = 2cosn?d and z"-— z_n' = 2isinnd.

. 1 1 . 1
(i) Expand (z + S )+ (z - S )* to show that cos*8 + sin*9 = " (cos49 + 3) 2

(i) By letting x = cos®, show that the equation 8x* + 8(1 — x2)? = 7 2
(4 5
hasroots +cos—, +cos—
12 12
i) Show that T cosZ= I and :
—.Cos—= — a
(iii) ow thal cos = . cos s
n sSm 3
cos —+ cos—= |=
12 12 2
2

Fi4
(iv) Hence or otherwise, find a surd expression for cos 1z




QUESTION THREE. (15 MARKS) (START A NEW PAGE)
(a) The diagram shows the graph of f{x).

Y

Sketch on separate diagrams, the following curves, indicating clearly
any turning points and asymptotes.

1
Jx

0 y=

(i) »y= ()

(i) y*= /@
i) y=x/&

(b) (i) Show that the area enclosed by a parabola x? = 4ay

2
a
and its latus rectum is given by A = = units®.

(i1) A solid is formed such that its base is a semicircle of radius one metre.
Vertical sections parallel to the diameter are parabolas with each latus
rectum being a chord of the semicircle parallel to the diameter. By using

the result from (i) and the technique of slicing, find the volume of this
solid.
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QUESTION FOUR. (15MARKS)  (START A NEW PAGE)  MARKS

(a) Inthe Argand diagram O, A and B represent the origin, the number p 3
and the complex number z respectively. By rotating B about A by 90° in a
clockwise direction we get the point D and by rotating B about O in an
anticlockwise direction we get the point C. Let E be the midpoint of CD.

C 4

B(z)

> X
0 A(p)
Show that AOEA is a right angled isosceles triangle with a right angle at E.

2 2
(b)  Lines drawn from the foci § and S’ of the ellipse % + y—z =1, are

perpendicular to the tangent drawn at P (acos@, bsin 8) . They meet this
tangent respectively at L and L',

The line parallel to the x -axis passing through P intersects

the directrices at Af and M’ and the normal at P meets the x -axis at V.

, y
a L1 a
x= —— X = —
A € / €
/N(acos@,bsin@)
M"_l M
L
> X
s’ 0 /N S
2 2
v X +y_=1 v
a’ b

Question 4 continued on next page.
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QUESTION 4(b) CONTINUED.

(a)

(b) (i) Showthat PS=a(l1-ecosb)
(i) Wntedowna similar expression for PS’
(it1))  Show that the equation of the tangent at P is
bxcos@ + aysin@ —ab =0
{(iv)  Find the distances SL and SZ’from the foci S and S”to the tangent at P.
(v)  Hence, or otherwise, show that PN bisects ~<SPS”.
(vi) Show that £ = ECH
NS NS’
QUESTION FIVE. (15 MARKS) (START A NEW PAGE)
Given that a, b, ¢ and d represent positive integers and that a + b+ ¢ = 3d
show that 100a + 10b + ¢ is divisible by 3.
(b) Therootsof x*+3px+qg=0 areq,fand y,
(none of which are equal to 0).
a a
(i)  Find the monic equation with roots ﬁ;_}f , % and -;[i, giving the
coefficients in terms of p and gq.
(i) Deducethatif y = af then 3p—q)2+q=0.
(¢)  Determine the values of @ and b given that (x + 1)? is a factor of
P(x) = x>+ 2x% +ax + b.
sin (2k+1)a  sin (k-1 i y/d
(d)  Show that - - - = 2¢0s (Zka) fO0<a<—,
sina sina 2
(&) Giventhat sin"tx,cos™1x and sin (1 — x)are acute, show that

sin(sin™'x — cos™1x) = 2x%? — 1.
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QUESTION SIX. (15 MARKS) (START A NEW PAGE) ~ MARIS

(a) Atoycar 6f mass kg, initially at rest, staris to move by a propelling
force of 50N, provided by its engine along a straight road.

The car experiences a resistance force of kv’ Newtons, where v is its
velocity in metres per second and % is a positive constant.
The limiting velocity of the car is /0m/s.

Let x be the displacement of the car at time ¢ seconds after it starts to move.

2

. d'x _ 2
(i}  Show that 2;’7-5 =100-v 2
(i) Show that vZ=100(1~e"*) 2
(iii) Find the time taken for the car to reach a velocity of 5 m/s.
(ivi When the car reaches a velocity of 5 m/s the engine is switched off 3
and a breaking force of F is applied. Find F, given that the distance travelled -
by the car to stop is equal to the distance to reach 5 m/s.
5

(b) The depth of water in a harbour on a particular day is 8.2 metres at low tide and
14.6 metres at high tide. Low tide is at 1:05 pm and high tide is at 7:20pm.
The captain of a ship wants to leave the harbour after midday on that day.
To leave the harbour the ship requires at least /3.3 metres of water.

Find between what two times of that day the captain can leave the harbour.




QUESTION SEVEN. (15MARKS)  (START ANEWPAGE)  MARKS

. ' : . x
(a) The part ofthe curve y = In P between x = e and x = e? is rotated about

the x — axis to form a solid.

x
(i) Draw the curve y =In > between x = e and x = e? and show a sketch 1

of the solid formed by the rotation of this curve.

(ii) Use the method of cylindrical shells to find the volume of the solid.

4
(b) A body is projected vertically upwards from the surface of the Earth with initial
speed u. The acceleration due to gravity, g at any point on its path is inversely
proportional to the square of the distance from the centre of the Earth. R is the
radius of the Earth.
(i) Prove that the speed v at any position x is given by 3
v? = u? + 2gR?E — -1—)
x R
(i) Prove that the greatest height H above the Earth's surface is 2
u?R
ivenby H=——"—3
given by 2gR—u?
(iii)  Show that the body will escape from the Earth if u> J2gR 1
(iv)  Find the minimum speed in km/s with which the body must be initially 1
projected from the surface of the Earth so as to never return.
(Take R = 6400km, g = 10m/s?)
(v) Ifu=,/2gR prove that the time taken to reach a height 3R, 3

14 | R
above the surface of the Earth is equal to 5 /EE
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QUESTION EIGHT. (15MARKS)  (START A NEW PAGE) MARKS

(@) (i) Sketch the graph of y = px? + q where p and g are positive constants. 1
. . 2, o
(i) By consnde_rmg the area represented by f1 {(px* + q)dx, show that 2
7
pt+g< —?-3-@ <4p+gq
(b)  Shown are two circles centres /{ and K which touch at A1 .
PQ and RM are common tangents.
(i)  Show that quadrilaterals HPRM and MROK are cyclic. 2
(i) Prove that triangles PRM and MKQ are similar. 3

Question 8 continued on the next page.




: MARKS
QUESTION EIGHT CONTINUED.

{c}  The Taylor series provides a way of expressing certain functions as infinite series.

Using the Taylor series, it can be shown that

x3 x5 x7
sinx = x — ;,T + -é—'"-—'-?"-f* T o
x? x* x®
cosx=1—"T7—+———+ ...
2! 4! 6!
. _ x?  ix3 x* xS
e =14ix ———— + —+—— .........
2! 3! 4! 5!
(i)  Using these infinite series, show that e™™ = ~1 2
(ii)  Show i’ is a real number. 2
(i)  Find the general formula for Inz where z = x 4 iy, and state the interval 2
for Inz that will give the principle value of Inz.
(iv) Hence, find the principle value for the complex number z = 1 + § 1

END OF TEST.
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